Abstract-A comprehensive method to synthesize negative group delay (NGD) in the microwave regime with a maximally flat response is proposed in this paper. This method is based on transversal-filter topologies; it will be shown that by choosing proper coupling coefficients of each tap of a transversal filter, we can realize NGDs with maximally flat characteristics at the output of the transversal filter. The desired coefficients to realize maximally flat NGDs with various amount of group delay are analytically derived and tabulated in this paper. Furthermore, the results are verified experimentally through microwave transversal-filter approaches in both passive and active ways using multi-section asymmetric directional couplers and distributed amplifiers.
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I. INTRODUCTION
T HE phenomenon of negative group delay (NGD) might yield the output peak of a wave packet preceding the input peak. This is due to the time constants of the circuitry that affect different frequency components of the modulated signal in such a way that some emerge before others when exanimating in the time domain. The emphasis is on the content of the time constant because without the , NGD is not exhibited. This, however, does not violate the causality since the initial transient pulse is still limited to the front velocity, which will never exceed the speed of light [1] , [2] .
In electronic circuits, the NGD phenomenon has exhibited its feasibility using simple low-pass and bandpass amplifiers at low frequency [3] - [5] . Since NGD occurs at the range of frequencies where the absorption or the attenuation is maximum [2] , conventionally, in the microwave regime, bandstop structures are used to realize NGD circuitry. Based on either series or shunt resonators, many active and passive NGD circuitries have been proposed and demonstrated with or without tunability [6] - [11] .
Very recently, a novel active NGD circuit using distributed amplifiers (DAs) has been proposed [12] . The active NGD circuit is essentially based on the concept of transversal filters [13] , [14], which have been typically used in equalization and pulse shaping. By selecting the proper gain coefficients of each tap of the DA by means of convex optimization, the DA is able to synthesize the NGD at its reverse port, while maintaining a flat gain at its forward port as a conventional DA. Furthermore, the NGD-DA is reconfigurable because the amount of NGD can be controlled by changing the gate bias of each device. Similarly, the concept can also be applied in passive structures by using multi-section asymmetric directional couplers [15] . In this instance, if proper coupling ratios among each coupler are chosen, we can realize NGD at the coupled port of the entire multi-section directional coupler, which results in a fully distributed-element based NGD circuit with no lumped components needed, except the termination 50-loads.
Compared to conventional NGD circuits based on lumped circuits, the aforementioned NGD circuits using transversal-filter topologies can typically achieve a wider bandwidth of NGD (more than 40% relative bandwidth). However, the desired coefficients in previous work were obtained by the convex optimization, a numerical optimization approach, which usually does not give us exact solutions [12] , [15] . Therefore, in this paper, we provide a comprehensive method to analytically derive the desired coefficients for transversal-filter-based NGD circuits, which give exact solutions to realize NGD with maximally flat characteristics. Furthermore, the desired coefficients are tabulated for the ease of use. In order to verify the results, passive and active transversal filters based on multi-section directional couplers and DAs are designed and used to examine the NGD responses. The structure of this paper is organized as follows. Section II will analyze a transversal filter from a discrete-time point of view. We will then derive the desired coefficients for maximally flat NGD in Section III. Section IV will illustrate the frequency response of an NGD network. Finally, passive and active realizations of the proposed design method will be illustrated in Sections V and VI, respectively. ficients and summing operators. The relation of input and output in the time domain of a transversal filter with weighting elements or sections can be expressed as [13] (1) (2) Its transfer function in the frequency domain can then be obtained by taking the Fourier transform, which is given in (2) . Now, if we assume that , it follows that the transfer function becomes (3) One can notice that (3) has the same mathematical form as that of a discrete-time system. If we denote , then (3) will have the following form: (4) From (4), we can observe that the continuous-time system described in Fig. 1 is equivalent to a discrete-time system that has a sampling period of [16] . This can be visualized as follows: assuming at certain instantaneous time , from (1), the output is (5) which means the output only depends on instantaneous values of the input, i.e., . Since the time domain is continuous, it follows that at any instantaneous time , the system will always generate output based on the previous instantaneous input values with a time interval of . Therefore, the continuous-time transversal filter depicted in Fig. 1 can be considered as infinite numbers of discrete-time transversal filters in parallel with the same sampling period , but different instantaneous time . The diagram of the equivalent system for a continuous-time transversal filter is illustrated in Fig. 2 . When the input enters the system, it will be sampled with a sampling period of through a continuous-to-discrete-time (C/D) converter. It follows that (6a) (6b) where since, in reality, there are infinite numbers of instantaneous time . Through a serial-to-parallel converter, , will break down to subsets of . Each discrete-time input will then enter the discrete-time system whose transfer function is expressed in (4). The discrete-time outputs generated by each input are combined together through a parallel-to-serial converter and then all together form an entire output in the continuous time domain. In other word, the continuous-time transversal filter shown in Fig. 1 will behave like a discrete-time system at any instantaneous time , and therefore the techniques used in discrete-time signal processing can also be adapted to carry out the analysis.
II. TRANSVERSAL-FILTER ANALYSIS

III. MAXIMALLY FLAT NGD
With the means of transversal filters mentioned above, we can design NGD circuits operated in microwave bands. Furthermore, our objective is to design the NGD circuits with maximally flat group-delay responses.
A. Derivations of Maximally Flat NGD Responses
From the discussion in Section II, we know that we can use discrete-time transfer function to analyze the transversal filters. The group delay of (4) at can be written as
Next, our objective is to solve for the coefficients in (4) so that the group delay is negative. We start from the simplest case, , in which we need two equations to solve for and . One of the two equations can be directly obtained from (7) by assigning the desired group delay, and the other one can be chosen that the magnitude of the transfer function is normalized to unity, which is (8) Therefore, in this instance, without loss of generality, if we set , , then by solving (7) and (8) we will have and . It follows that for an -stage transversal filter with maximally flat NGD responses, the coefficients can be solved by the following equations with :
Equation (9c) implies that the higher order derivatives of group delay are set to zero in order to obtain a maximally flat response. The results calculated from (9a)-(9c) are listed in Table I , which gives the exact coefficients of maximally flat NGD using transversal-filter topology for and sections with various amount of NGD . It is also noticed that the amount is in terms of the sampling period . In this case, the sampling period is equal to , and therefore the NGD will become a multiple of .
Equation (9) has presented a numerical way to solve for the exact coefficients of the problem. In fact, the closed-form solution can be obtained analytically using the same approach for bandpass linear phase filters provided in [17] and [18] . Let , we can then write (10) Equation (4) can then be expressed in terms of as (11) It can be proven that the denominator of , i.e. , has a constant delay of at all frequencies [19] . Furthermore, it has been shown by Rhodes [17] that if the numerator of has a maximally flat group delay about , i.e., , it must be of the form of a symmetrical Jacobi polynomial, , which has a delay of . The explicit form of can be expressed as [17] (12) Thus, the total delay of depicted in (11) will be or . Furthermore, by comparing (12) and the numerator of in (11), we can obtain the coefficients (13) where refers to the coefficients shown in Fig. 1 and Table I . To give a quantitative example, if we have a transversal filter with and we let the index , then the total delay will be . The coefficients, according to (13) , are
, which results in an identical solution obtained by (9) and listed in Table I for and . Therefore, the results of Table I can be double-verified by (13) .
IV. FREQUENCY RESPONSE
Having derived the coefficients for the maximally flat NGD transversal filters, we would like to examine the frequency responses of the transfer functions using these coefficients.
A. Comparison of Various Sections
As an illustrative example, assuming the sampling period ns and is chosen to be 4, we can obtain the corresponding coefficients for different section numbers from Table I . Fig. 3 plots the frequency responses of the transversal-filterbased NGD circuits with different numbers of section. Since we choose the sampling period to be 0.25 ns, at 1 GHz, the electrical length of each section will become , which is equal to that we set to solve (9a)-(9c). Therefore, at 1 GHz, the magnitudes of the transfer functions are all unity or 0 dB, as shown in Fig. 3(a) . The phases maintain a constant and positive slope around the center frequency of 1 GHz; one can observe that from Fig. 3(b) , as the section number increases, the bandwidth of this constant positive slope of phase also increases.
The corresponding group delays for various numbers of sections are plotted in Fig. 4 . NGDs with maximally flat responses can be clearly observed from the figure. As a consequence of the phase responses shown in Fig. 3(b) , the bandwidth of the flat NGD responses can be augmented when more sections are used in the transversal filter. Moreover, the amount of NGD is 1 ns, which results from the sampling period of 0.25 ns and of 4 that we choose for this case. It is worth mentioning that the bandwidth of NGD can theoretically be kept increasing by adding more sections to the transversal filter. In addition, it is noted that here we have put effort on making the group delay maximally flat or equivalently generating a linear phase response; on the other hand, however, the amplitude response is uniquely related to the phase response through Hilbert transforms in the case of single input-output path networks, i.e., minimum phase networks [16] . Therefore, in the present case, the amplitude is determined once the condition of maximally flat group delay is imposed. Nevertheless, one can always slightly loosen the maximally flat group-delay condition to adjust the amplitude response so that it can satisfy the desired requirement.
B. -Domain Analysis
Since the proposed system behaves like a discrete-time system at any instantaneous time frame, we can examine the structure in the -domain in order to gain qualitative insight and understanding of it [16] . By letting , (4) can be expressed as (14) whose discrete-time domain series can be written as (15) It can then be seen that the system is causal because the impulse response depicted in (15) is zero for , which physically means the output of the system solely depends on the past input values. Furthermore, it is apparent that (15) is absolutely summable for finite values of , i.e., (16) Therefore, the system is stable as well. In addition, from (14) , the region of convergence (ROC) can be defined to include all , except is equal to zero.
The characteristics of such type of transversal filter can be further examined by looking at the locations of the zeros of the transfer functions. From (14) , the transfer function can be written as (17) This implies that the transfer function has zeros with a th-order pole located at the origin of the complex -plane. Furthermore, since the coefficients are real in practice, the zeros must occur in complex conjugate pairs. As a quantitative example, let us consider the case with , then (17) becomes (18) It can be found that this second-order system will have four poles at the origin and two zeros, , at the imaginary axis, as shown in Fig. 5 . The frequency response can be obtained by evaluating the transfer function on the unit circle of -plane, which is equivalently obtained by substituting with into (18) . As also depicted in Fig. 5 , the magnitude and phase response can be defined as phases are equal to . The group delay can be obtained by taking derivative of (19b), which then becomes (20) In order to obtain NGD, it follows that (20) needs to be negative. From direct inspection, the rate of phase change becomes maximum when since is minimum at this frequency. Hence, if is big enough, then it is possible for (20) to become negative. Furthermore, at , the relation between infinitesimal frequency and phase can be expressed as (21) Therefore, we can rewrite (20) for NGD, (22) Using the fact that and , from (22) we will have or (
Equation (23) states that the zeros need to be close enough to the unit circle at least for a certain distance. It can also be seen that the coefficients for provided in Table I all satisfy this criteria. Moreover, from Fig. 5 and (19a) , we can find that the amplitude of the transfer function is decreasing as it approaches the zero with respect to the frequency and it reaches the minimum at when NGD occurs, which agrees with the previous findings that NGD will happen at the range of frequencies where the absorption or the attenuation is maximum [2] . From another point of view, this is because zeros inside the unit circle can essentially give us an increasing phase as the frequency increases, which is necessary in order to produce NGD. Fig. 6 plots the poles and zeros of the transfer functions for various sections with maximally flat NGD characteristics, which use the coefficients listed in Table I with a NGD of 4. It is interesting that from Fig. 6 we can see when increases, the number of zeros also increases along the unit circle near , which results in a broader bandwidth of a flat NGD. From Figs. 4 and 6, it can be inferred that the bandwidth of NGD can be theoretically increased as we have a greater number of sections in the transversal filter. The price that we pay here for broadband NGD is that the difference of magnitude between in-band and out-of-band will become huge when more sections are used, as can also be found in Fig. 3(a) , which also corresponds to the results reported in [20] .
From the above discussion, we could conclude the following facts.
1) The zeros must be inside the unit circle of the -plane and close enough to the periphery in order to generate NGD. 2) The magnitude of the transfer function becomes minimum during NGD. 3) More zeros are needed in the case of larger with broader bandwidth of NGD.
V. IMPLEMENTATION I: PASSIVE APPROACH
A. Multi-Section Directional Coupler
A simple realization of a passive transversal filter in microwave regimes is to use a multi-section directional coupler, as shown in Fig. 7 . Assuming that the coupling is weak dB and each section is a quarter-wavelength long at the center frequency, the total voltage transfer 
where is the coupling factor for the th section of the directional coupler, and is the electrical length of coupled lines. It is noted that (24) has a similar mathematical form as (4) if we map to . Although the coefficients of (24) have a dependency, it will not affect the mutual ratios among each coefficients since the dependency will be cancelled out. The main difference between (24) and (4) is that since (24) starts from instead of , it will have one less pole compared to (4), which will result in an NGD increased by one sampling period. Using (24) , Fig. 8 plots the group delays in terms of the sampling periods versus the electrical length for various sections of directional couplers in which the coupling factors are the same as the coefficients used in Section IV, i.e., those for . From Fig. 8 , we can find that the NGD increases by one sampling period to 5 as mentioned above, and we also observe that as more sections of directional coupler are used, the bandwidth of NGD will increase accordingly.
B. Prototypes and Results
To verify the NGD circuits based on transversal-filter concepts, we fabricated three different microstrip line-based multisection directional couplers for and , respectively, as shown in Fig. 9 . The prototypes are fabricated using RT/Duroid 5880 substrates with a dielectric constant of 2.2 and thickness of 62 mils. The dimensions of the various directional couplers are summarized in Fig. 10 .
The coupling factors for different sections of directional couplers ( ) are based on the coefficients listed in Table I  for , as shown in (25), in which the maximum coefficients are normalized to 10 dB, which is 0.3162 in linear scale,
It is noted that the coefficients in (25) are calculated from the ideal transversal filters and should be used as a starting point to find out the actual dimensions of the directional couplers shown in Fig. 10 . To elaborate further, although (24) is a good approximation for a multi-section directional coupler with a low coupling ratio, it might not accurately reflect the phase response due to the tiny secondary coupling from the output line to input line; this can be an issue especially when the coupling is strong since the phase response is more sensitive than the amplitude response. Therefore, in practice, it is necessary to do a post-layout optimization of the structure with a full-wave simulation using the ideal coefficients given in Table I as starting numbers. On the other hand, in order to obtain the exact solution, one can use the well-known four-port coupler to two-port stepped impedance transformation to analyze the problem for higher coupling ratio and to take into account the secondary coupling issue [22] . The detailed procedure is shown in the Appendix.
The center frequency of the directional couplers is designed to be 1 GHz, which means the electrical length is at 1 GHz. Fig. 11 shows the simulated results using the 3-D planar electromagnetic simulator Momentum provided in the Advanced Design System (ADS) for the NGD circuits based on multi-section directional couplers. We can see from Fig. 11(a) that the magnitudes of decreases to the minimum at around 1 GHz, which corresponds to the previous discussion in Section IV. The phases of , as shown in Fig. 11(b) , change the sign of slope near the center frequency, indicating the NGDs occurs in the region. One can also find out that as more sections are used, the frequency band in which the phase reverses its sign also becomes broader, implying a wider bandwidth of NGD. The simulated group delays from port 1 to port 3 for different sections of directional coupler can be seen in Fig. 11(c) . It shows that the NGD is around 1 ns at the center frequency of 1 GHz. In addition, when the number of sections increases, a larger bandwidth of NGD can be observed. Furthermore, by using the proper coupling coefficients derived above, a flat response of NGD can be realized.
The measured results are plotted in Fig. 12 . Compared to the simulated results shown in Fig. 11 , they agree reasonably well. The magnitude of decreases more in the measured results, especially when more sections are used, as can be seen in Fig. 12(a) . This may be due to more loss introduced in the actual fabricated prototypes. The reversed sign of slope for the phase of can also be observed in Fig. 12(b) , in which the slopes for and become steeper compared to the simulation. As a result, the measured group delays for and cases become around 1.5 ns at the center frequency of 1 GHz. This might be due to the handmade fabrication errors. Overall, with more sections used in directional couplers, the bandwidth of NGD increases. Moreover, as mentioned above, a flat response of NGD can be achieved by using the proper coupling coefficients for each section of the directional coupler.
The other -parameters, such as return loss , through port insertion loss ) and isolation are also plotted in Fig. 13 . The simulation and measurement show a good agreement, which indicates that the proposed multi-section directional couplers have good return loss ( 20 dB) and good isolation ( 15 dB) and small insertion loss at the NGD region. These properties can make the devices useful when installed prior to the input of the circuitries because it can reduce the excessive group delay due to the compensation of NGD. For instance, the proposed NGD devices can be potentially used in dynamic power supply or envelope tracking of power amplifiers (PAs) [23] , [24] . In a supply modulated PA, it is important that the dynamic power supply can accurately track the signal envelope to maximize the overall efficiency. The coupled port of the proposed directional coupler-based NGD circuit can be connected to the detector path in order to compensate the time mismatch between the dynamic power supply and the signal envelope, whereas the through port can be directly linked to the RF signal path. As a result, the PA efficiency can be further enhanced [25] .
VI. IMPLEMENTATION II: ACTIVE APPROACH
A. DAs With NGD
Although a multi-section directional coupler can provide a very simple way to realize the form of a transversal filter, it suffers from tremendous loss in the NGD region, especially when an NGD-bandwidth product is large since the out-of-band gain needs to be large as well [20] . DAs stand out as an excellent choice to provide amplification for the NGD circuits, being essentially one type of transversal-filer in active fashion. Fig. 14 illustrates the diagram of an -stage DA in which is the gain coefficient of the th tap amplifier, and indicate the time delay of the th section of the gate line and drain line, respectively. Furthermore, if we choose that , then the transfer functions of the forward and reverse port with respect to the input can be expressed as [12] (26a) (26b)
One can immediately identify that (26b) has the same mathematical form as (4) and can further observe that if we use the coefficients that we have derived in Table I for the gain coefficients in (26), we will have a NGD response at the DA's reverse port, while maintaining a flat gain at its forward port as 's merely sum up constructively, as indicated in (26a). It is noted that the coefficients are in fact related and proportional to the transconductance of an active device. Therefore, the idea can be quickly examined using the circuit simulator in ADS for the ideal situation. Fig. 15 shows the schematics in ADS for a two-stage DA in which the unit-cell contains ideal transmission lines with the characteristic impedance of 50 and phase of 90°, as well as an ideal voltage-control-current-source (VCCS) with a transconductance of (S). Furthermore, if we choose the amounts of for the two-stage to be large enough as (0.4 S, 0.3 S), obtained from Table I ( , ) with a factor of one-tenth, then we will obtain the responses shown in Fig. 16 . Fig. 16(a) plots the forward and reverse gain of the DA; as expected, the reverse gain reaches minimum at the center frequency of 1 GHz during the NGD region, as seen in Fig. 16(b) , whereas the forward gain maintains a flat response. It can be seen that if the trans-conductance of active devices are large enough, even though the reverse gain reaches the minimum, it will still have gain. In fact, the NGD-bandwidth product is proportional to the maximum of the out-of-band gain [20] ; it follows that if the NGD-bandwidth product is small, then it does not require so much gain from the amplifiers.
B. Prototypes and Results
As a proof-of-concept, we fabricated a DA using commercial off-the-shelf discrete transistors NEC NE3210S01. As shown in Fig. 17 , the DA contains two transistors with individual gate biases to form a two-stage NGD circuit. The electrical length between each stage is designed to be a quarter-wavelength at the center frequency of 1 GHz. The biasing circuitry of the unitcell is based on lumped components in order to miniaturize the circuit size, as shown in Fig. 18 ; DC decoupling capacitors are used to connect the gate and drain of the transistor, whereas inductors are used to carry out dc bias and RF block.
The maximum transconductance of NE3210S01, according to the data sheet, can be found to be around 0.075 S in which the bias condition is V and V; therefore, we use this number as the maximum in our gain coefficients calculation. Fig. 19 shows the measured -parameters of the fabricated two-stage DA. As expected, the forward gain shows a flat response of around 10-dB gain, whereas the reverse gain has a minimum of 7.8 dB at the center frequency 1 GHz where NGD occurs. In addition, the return loss is greater than 30 dB and the insertion loss is around 0.2 dB in the frequency of interest. We then compared the ideal circuit simulation using the topology in Fig. 15 with the measured results; since the maximum transconductance of the transistors we use is 0.075 S, the amounts of in the circuit simulation are (0.075 S, 0.05625 S). The comparison is plotted in Fig. 20 in which the bias condition in the measurement is V, V, and V. Fig. 20(a) shows the forward and reverse gain of the DA; the measured results agree very well with the ideal circuit simulation. The phase and group delay of the DA are plotted in Fig. 20(b) , indicating a great agreement between the ideal circuit simulation and measurement. The maximum group delay of the two-stage DA is 1 ns at 1 GHz and the NGD region of which is 0.9-1.1 GHz.
VII. CONCLUSION
In this paper, we proposed a comprehensive method to synthesize NGD circuits in microwave regimes based on -stage quarter-wavelength stepped-impedance transformer.
transversal-filter principles. We analytically derive the coefficients that are desired to form maximally flat responses of NGD. We have demonstrated both passive and active realization of the proposed NGD circuits. By choosing the appropriate coupling coefficients, we are able to realize the NGD at the coupled port of a multi-section directional coupler as well as the reverse port of a DA. The proposed method provides a simple way to create a broadband NGD with a flat response. Moreover, one of the advantages for the proposed passive NGD circuits is that they do not need any lumped components and therefore are very suitable to be used in high-frequency integrated circuits in which lumped components are not obtainable. The proposed NGD methodology is expected to be applied in microwave systems such as in dynamic power supply or envelope-tracking schemes of PAs in order to eliminate excessive group delay of the envelope path. In addition, it is worth mentioning that the coefficients derived in this work can directly be applied to digital finite impulse response (FIR) filters to provide corresponding NGD responses.
APPENDIX
The problem illustrated in Fig. 7 can be transformed to an -stage quarter-wavelength stepped-impedance transformer, as shown in Fig. 21 , in which the transmission matrix can be defined in terms of the characteristic impedances [22] , given the reference impedance is normalized to unity,
Furthermore, by mapping to and to , the transfer function describe in (24) will now be transformed to the reflection coefficient, and according to (27) , it can be expressed as (28) It follows that the phase term of (28) can be obtained as (29) The procedure to obtain maximally flat NGD is then similar to (9) , namely, to solve for the following equations in order to find the desired impedances for each stage:
(30a) (30b)
To give a quantitative example, assuming the impedance transformer has three stages , and also we let and , then by solving (30), we can obtain (31)
Using the relation between the coupling coefficient and the even-mode characteristic impedance [21] , we have (32) Thus, from (31) and (32), the coupling coefficients are calculated to be . Compared to shown in (25b), we can find out these two sets of coefficients are very close, indicating (24) can serve as a good approximation to the exact solution obtained here when the coupling is small enough. It is noted that if the coupling ratios are large (typically larger than 10 dB), then (24) is no longer accurate since the secondary coupling is strong and needs to be taken into account. From another perspective, with weak coupling ratios, a passive multi-section directional coupler can be approximated as a transversal filter or a FIR filter; in the case of strong coupling ratios, the multi-section directional coupler should be treated as a recursive filter or an infinite impulse response (IIR) filter, and therefore should be solved by using the method provided here. On the other hand, for an active NGD circuit using DAs, because active devices are unilateral, there is no secondary coupling, and therefore it should always behave as a transversal filter or FIR filter. 
